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Abstract
A classication (up to irreducible elements of a certain Euclidean ring) of the simple modules
of the Lie superalgebra osp(1; 2) (over an uncountable algebraically closed eld of characteristic
zero) is presented. c© 2000 Elsevier Science B.V. All rights reserved.
MSC: 16D60; 16D70; 16G99
1. Introduction
Let D be a ring with an automorphism  and a central element a 2 Z(D). The
generalized Weyl algebra (GWA for short) A = D(; a), is the ring generated by D
and two indeterminates X and Y subject to the relations [1]:
Xd= (d)X; Yd= −1(d)Y for all d 2 D; YX = a; XY = (a):
Let K[T; H ] be a polynomial ring in two variables with coecients in a eld K and
let  be the automorphism dened by H ! H − 1, T ! −T . Let U be the GWA
given by
U = K[T; H ](; a):
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We assume that the dening polynomial a= a(T; H) satises the following property:
 (DE): a(; H) 6= 0 for any  2 K; i.e. a cannot be presented as a = (T − )b for
some polymomial b and a scalar .
Example. The enveloping algebra Uosp(1; 2) of the Lie superalgebra osp(1; 2) is gen-
erated over a eld K by X , Y , and H subject to the relations:
HX − XH = X; HY − YH =−Y; XY + YX = H:
The algebra isomorphism
Uosp(1; 2) ’ K[T; H ](; a); where a:=T + (H + 1=2)=2;
X $ X; Y $ Y; H $ H; YX − (H + 1=2)=2$ T;
shows that the enveloping algebra Uosp(1; 2) is a GWA of the type above with the
dening element satisfying (DE).
The aim of the present paper is to classify (up to irreducible elements of a certain
Euclidean ring) the simple U -modules in the case of an uncountable algebraically
closed eld K of characteristic zero. As a consequence the simple osp(1; 2)-modules
are described. We use the approaches of [1{3,5{8] where the simple modules of some
generalized Weyl algebras and Z-graded rings have been classied. In case of osp(1; 2)
the study of simple modules can be reduced to the sl(2)-case, ([10, Theorem 2:1 and
Corollaries 2:1, 2:2]).
Throughout by \module" we mean a left module. For a ring R we let R^ be the set
of isomorphism classes of simple R-modules.
2. Some localizations
Let D be a ring and A = D(; a) be a generalized Weyl algebra. The ring A is
Z-graded
A=
M
n2Z
An; An = Dvn = vnD;
where vn = X n, if n> 0; v0 = 1; vn = Y−n, if n< 0. Then
vnvm = (n; m)vn+m
for some (n; m) 2 D. If n> 0 and m> 0, then
n  m: (n;−m) = n(a)    n−m+1(a); (−n; m) = −n+1(a)    −n+m(a);
n  m: (n;−m) = n(a)    (a); (−n; m) = −n+1(a)    a;
and in all other cases (n; m) = 1.
From now on let K be an uncountable algebraically closed eld of characteristic
zero and let U =K[T; H ](; a) be a GWA as in the Introduction such that the dening
element a satises (DE). For the linear map adH : U ! U , u! Hu−uH , the graded
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component Dvi is the eigenspace with eigenvalue i. Since charK =0, the centre Z(U )
of the algebra U belongs to Dv0=D and equals the xed algebra D=fd 2 D: (d)=dg
of the automorphism  (this follows directly from the dening relations of the algebra
U ). Clearly, D = K[T 2] = Z(U ).
For t 2 K , the factor-algebra
A A(t):=U=U (T 2 − t2) = D(; a) (2.1)
is a GWA, where
D = K[T; H ]=(T 2 − t2); a= a+ (T 2 − t2)K[T; H ];
and  2 Aut(D) is dened in an obvious way.
Suppose that A is an algebra over a eld k. Then A has the endomorphism property
over k if, for each simple A-module M , the endomorphism ring EndR(M) is algebraic
over k. Proposition 9:1:7 of [9], states that if k is an uncountable eld and A is a
countably generated k-algebra then A has the endomorphism property over k. In our
situation the eld K is algebraically closed and uncountable and the algebra U is ane,
hence EndR(M)=K for every simple A-module M . So, for every simple A-module M ,
there exists a scalar t2 2 K such that (T 2 − t2)M = 0, i.e. M is a simple module over
the algebra A(t). Hence
U^ =
G
t2K=
A^(t); (2.2)
where  is the equivalence relation on K which identies x with −x.
If t=0, then the (two-sided) ideal ( T ) of A(0) generated by T=T+(T 2−t2)K[T; H ]
is nilpotent, thus
A^(0) = (A(0)=( T ))^ = (A=(T ))^ (2.3)
and the algebra A=(T ) is the GWA K[H ](; a(0; H) 6= 0) with (H) = H − 1 whose
simple modules were classied in [2,3].
For the reader’s convenience this classication is given in Section 3. In the case of
Uosp(1; 2), a(T; H) = T + (H + 1=2)=2, the GWA K[H ](; a(0; H) = (H + 1=2)=2) is
isomorphic to the Weyl algebra A1 and A^1 is described in [7,8].
From now on we consider t 6= 0 and let A A(t):=D(; a) be as in (2.1). Set
e1 =−(T − t)=2t + (T 2 − t2)K[T; H ] 2 D and
e2 = (T + t)=2t + (T 2 − t2)K[T; H ] 2 D:
Then 1= e1 + e2 is a sum of pairwise orthogonal idempotents in D, so the ring D can
be decomposed into a direct product of rings
D = D1  D2; where Di = eiD = eiK[H ] ’ K[H ]; i = 1; 2:
One sees that (e1)=e2 and (e2)=e1, therefore (D1)=(e1K[H ])=(e1)(K[H ])=
e2K[H ] = D2 and (D2) = D1. It follows from the assumption a(; H) 6= 0 for any
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 2 K that a is a regular element in D. The localization B= S−1A of the ring A at
the multiplicatively closed subset S = K[H ] n f0g is a skew Laurent polynomial ring
B= e1K(H) e2K(H)[X; X−1; ];
where we denote by K(H) the eld of rational functions, i.e. K(H) = S−1K[H ].
If M is a simple A-module then there are two possibilities: the localization S−1M
of the module M at S is either zero or nonzero. In the latter case the B-module S−1M
is simple. With respect to these two possibilities we say that the module M is either
S-torsion or S-torsionfree, i.e.
A^= A^(S-torsion) t A^(S-torsionfree): (2.4)
Let us consider the subring A of A generated by D, x = X 2 and y = Y 2. It follows
from the identity Y 2X 2 = −1( a) a that the ring A is a generalized Weyl algebra A =
D(2; −1( a) a). Moreover, the idempotents e1 and e2 belong to the centre of A, so the
ring A= A1  A2 decomposes as a direct product of subrings Ai = eiA (i = 1; 2). Each
Ai is also a GWA:
Ai = Di(2; −1( a) aei):
If a= a1 + a2 2 D=D1D2, where ai= aei 2 Di ’ K[H ], then −1( a)=−1( a2)+
−1( a1). The dening elements of the algebras A1 and A2 are a1−1( a2) and −1( a1) a2,
respectively. In general, the algebras A1 and A2 are not isomorphic.
Example. Let a1 =H and a2 =H − 1. By [2], the GWA A1 =K[H ](2; H 2) does not
have nite dimensional modules, but the GWA A2 = K[H ](2; (H + 1)(H − 1)) does.
In the case of Uosp(1; 2) the dening element is a= T + (H + 1=2)=2, so
a1 = e1(H + 1=2− 2t)=2 and a2 = e2(H + 1=2 + 2t)=2: (2.5)
The localization B= S−1A of A at S is a skew Laurent polynomial ring
B= e1K(H) e2K(H)[x; x−1; 2]
which is a direct product B= B1  B2 of skew Laurent polynomial rings
Bi = eiB= eiK(H)[x; x−1; 2] ’ K(H)[x; x−1; 2]; i = 1; 2:
The ring Bi is the localization Bi = S−1i Ai of Ai at S
−1
i = eiK[H ] n f0g.
We aim to show that the ring B is isomorphic to the 2 2 matrix ring with coe-
cients in K(H)[x; x−1; 2]. As a rst step write the ring B in \matrix" form:
B=
2M
i; j=1
Bij ; where Bij = eiBej:
Using B= B+ BX , Xe1 = e2X and Xe2 = e1X , we nd
B11 = B1; B12 = B1X; B21 = B2X = B2X−1; B22 = B2:
This means that any element b 2 B can be written in a unique way as a sum
b= b11 + b12X + b21X−1 + b22; where bij 2 Bi:
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Then it is easily veried that the map
B! M2(K(H)[x; x−1; 2]);
b= b11 + b12X + b21X−1 + b22 !

b11 b12
(b21) (b22)

(2.6)
is a K-algebra isomorphism, where we let  denote the extension of the automor-
phism  2 AutK(H), H ! H − 1, from K(H) to the skew Laurent polynomial ring
K(H)[x; x−1; 2] by the rule: (x) = x.
Remarks. The set U^ of isomorphism classes of simple U -modules can be split into
subsets according to the action of the central element T 2: U^ =
F
t2K=A^(t) (see (2.2)).
 The simple A^(0)-modules are classied in Section 3.
 For t 6= 0, the simple S-torsion and S-torsionfree A^(t)-modules are classied in
Sections 4 and 5 (respectively).
3. The simple modules of the generalized Weyl algebra K [H ](; a 6= 0) ,
(H ) = H − 1
Let A be a GWA as in the title above. We recall the classication of simple
A-modules given in [2]. Set D = K[H ] and S = Dnf0g. The localization B = S−1A
of A at S is a skew Laurent polynomial ring
B= k[X; X−1; ]
with coecients in the eld k = K(H) of rational functions. For an A-module M the
set tor(M):=fm 2 M j m = 0 for some  6= 0 2 Dg is a (D-torsion or S-torsion)
submodule. If M is simple, then either tor(M)=M or tor(M)= 0, and we say that M
is either D-torsion or D-torsionfree, i.e.
A^= A^(D-torsion) t A^(D-torsionfree): (3.1)
3.1. Classication of simple D-torsion A-modules
The eld K is algebraically closed, so by the map
Specm(D)! K; (H − )! ;
we identify the set of maximal ideals of D with K . The group Z = hi acts freely
on Specm(D)  K , () =  + 1. Any orbit has the form  + Z and is ordered in
the obvious way. We shall apply all the natural concepts (order, interval etc.) to any
orbit. An orbit is called degenerate if it contains a root of the polynomial a. The roots
1<   <s of the polynomial a from a degenerate orbit O partition it into s + 1
disjoint sets:
 1 = (−1; 1];  2 = (1; 2]; : : : ;  s = (s−1; s];  s+1 = (s;1);
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where  1=(−1; 1]=f1+i :0  i 2 Zg,  2=(1; 2]=f2−i :0  i<2−1; i 2 Zg,
etc. We dene on K an equivalence relation :    if and only if  and  belong
either to a nondegenerate orbit or to a set of type  i. Distinct roots of the polynomial a
are called congruent if they belong to the same orbit, i.e. their dierence is an integer.
Congruent roots are called adjacent if there are no other roots between them.
An A-module V is called weight, if
V =
M
2K
V; where V = fv 2 V jHv= vg;
or, equivalently, V is a semisimple D-module. The support Supp(V ) of V is the set
of : V 6= 0. The left ideal A(H − ) is homogeneous with respect to the Z-grading
A=
L
n2Z Dvn of the algebra A, thus the module
S():=A=A(H − ) =
M
n2Z
Ken; en = vn + A(H − );
Hek = (+ k)ek ; Xek = ek+1; Ye−k = e−k−1; (k  0);
Xe−m = a(− m)e−m+1; Yem = a(+ m− 1)em−1; (m> 0);
is weight Z-graded with support  + Z. The module S() contains a largest proper
submodule, say N (), whose support is equal to f+Zgn , where   is the equivalence
class of . Then S()=N () is a simple weight A-module with support  . It is clear
that
A^(D-torsion) = A^(weight);
since a simple D-torsion A-module is an epimorphic image of some A-module S().
Theorem 3.1 (Bavula [2, Theorem 3:2]). The map
K= ! A^(D-torsion);  ! [L( )];
is a bijection with inverse [M ]! Supp(M); where
1. if   is a nondegenerate orbit; then L( ) = A=A(H − );  2  ;
2. if   = (−1; ]; then L( ) = A=A(H − ; X );
3. if   = (; ]; n =  −  2 N; then L( ) = A=A(H − ; X; Y n); and dim L( ) = n.
These are precisely all the simple nite dimensional A-modules (there are only
nitely many of them);
4. if   = (;1); then L( ) = A=A(H − − 1; Y ).
A^(0)(S-torsion) in case of U = Uosp(1; 2). If A =A(0)=( T ), then a  a(0; H) =
(H + 1=2)=2, so −1=2 + Z is the unique degenerate orbit with the equivalence classes
 1 = (−1;−1=2] and  2 = (−1=2;1).
Corollary 3.2. Let U = Uosp(1; 2) and set A=A(0)=( T ). Then
A^(0)(S-torsion) = f[A=A(H + 1=2; X )]; [A=A(H − 1=2; Y )]; [L( ) = A=A(H − )];
  is a nondegenerate orbit;  2  g:
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3.2. Classication of the simple D-torsionfree A-modules
The skew Laurent polynomial ring B= k[X; X−1; ] is a Euclidean ring (the left and
right division algorithms with remainder hold) with respect to the \length" function l
given by l(Xm +    + X n) = n − m, where ;  2 k are nonzero and m<   <n.
Any Euclidean ring E is a principal left and right ideal domain. A simple E-module
M is isomorphic to E=Eb for some irreducible element b 2 Irr(E) and vice versa.
In the set S =D n f0g consider the relation < : < if there are no roots  and 
of the polynomial  and  respectively such that −  is a nonnegative integer.
Denition. An element b = v−m−m +    + 0 2 A of length m> 0 with all i 2 D,
is called normal if 0<−m and 0<a.
Theorem 3.3 (Bavula [2, Lemma 3:4 and Theorem 3:8]). 1. The canonical map
S−1 : A^(D-torsionfree)! B^; [M ]! [S−1M ];
is a bijection with inverse Soc: [N ] ! [SocA(N )]; where SocA(N ) is the socle of the
A-module N .
2. Let b = v−m−m +    + 0 2 A be an irreducible (in B) normal element of
length m> 0. Then Mb:=A=A\Bb is a simple D-torsionfree A-module and each simple
D-torsionfree A-module is obtained in this way. Two such A-modules are isomorphic;
Mb ’ Mc; if and only if the B-modules B=Bb ’ B=Bc are isomorphic.
We leave it to the reader to reformulate Theorem 3.3 in case A=A(0).
4. The simple S-torsion A-modules
The notation is as in Section 3. Take 0 6= t 2 K and let A  A(t) = D(; a) be
a GWA as in Section 2. As we have seen, the dening element a of A is a regular
element in D.
Any maximal ideal of the ring D is equal either to m[1] = (H − )D1 + D2 or to
m[2] = D1 + (H − )D2 for some scalars  and . We identify the set SpecmD of
maximal ideals of the ring D with a union K[1] [ K[2] (or K [ K for short) of two
copies of the eld K using a map SpecmD ! K[1] [ K[2], m[i] ! [i] 2 K[i]. The
group G= hi acts freely on SpecmD  K [K . Specically, ([1]) = (+1)[2] and
([2])= (+1)[1] (charK =0), so that each orbit contains innitely many elements.
We will use the same terminology and notation as in Section 3. An orbit is called
degenerate if it contains a maximal ideal, say p, such that a 2 p (such an ideal is
called marked). The Krull dimension of the ring D is 1 and a is a regular element,
thus there are only nitely many marked ideals (degenerate orbits). The marked ideals
p1<   < ps of a degenerate orbit O partition it into s+ 1 parts:
 1 = (−1; p1];  2 = (p1; p2]; : : : ;  s = (ps−1; ps];  s+1 = (ps;1):
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We say that maximal ideals p and q are equivalent (p  q) if they belong either to
a nondegenerate orbit or to some  i.
An A-module V is called weight if DV is semisimple, i.e.
V =
M
p2Specm(D)
Vp;
where Vp=fv 2 V : pv=0g=f the sum of simple D-submodules which are isomorphic
to D(D=p)g. The support Supp (V ) of the weight module V is the set of maximal ideals
p such that Vp 6= 0.
Since
XVpV(p) and YVpV−1(p);
the support of a simple weight module belongs to some orbit. For a maximal ideal p
of D the module
A=Ap ’A⊗D (D=p) =
M
i2Z
vi ⊗ D=p
is weight with support O(p) = fi(p); i 2 Zg.
Lemma 4.1.
A^(S-torsion) = A^(weight): (4.1)
Proof. Each simple weightA-module is S-torsion. Suppose that M is a simple S-torsion
A-module. Then M contains a simple D-submodule, say D=p, p 2 Specm(D), and M
is a factor module of A=Ap ’A⊗D (D=p). Therefore M is weight.
In the case of an arbitrary commutative ring D the simple weight modules of a
generalized Weyl algebra are classied by [4, Theorem 3.1]. Applying this theorem in
our particular case we have the following theorem.
Theorem 4.2. The map
K [ K=  Specm(D)= !A^(weight);  ! [L( )];
is bijective with inverse [M ]! SuppM ; SuppL( ) =  ; where
1. if   is a nondegenerate orbit; then L( ) =A=Ap; p 2  ;
2. if   = (−1; p]; then L( ) =A=A(p; X );
3. if   = (−n(p); p]; n 2 N; then L( ) = A=A(p; X; Y n); dim(L( )) = n. These
modules are precisely all nite dimensional simple A-modules.
4. if   = (p;1), then L( ) =A=A((p); Y ):
The simple weight osp(1; 2)-modules. Let us apply the theorem above to classify the
simple weight osp(1; 2)-modules. In this case, a = T + (H + 1=2)=2. It follows from
(2.5) that there are only two (distinct) marked ideals
m:=(2t − 1=2)[1] and n:=(−2t − 1=2)[2]:
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There are two possibilities: either they belong to the same orbit (O(m) =O(n)) or not
(O(m) 6= O(n)).
Case 1: t such that (O(m) = O(n)), i.e. n = −n(m) for some nonzero n 2 Z such
that jnj is odd. The last equality holds if and only if t = n=4. Since t is dened up
to  (see (2.2)), without loss of generality we may assume n to be an odd positive
integer.
Lemma 4.3. Let t = n=4; where n is an odd positive integer. Then
A^(weight) = f[A=A(n; X )]; [Fn:=A=A(m; X; Y n)]; [A=A((m); Y )];
[L( ) = A=Ap];   is a nondegenerate orbit; p 2  g:
Theorem 4.2 and Lemma 4.3 show that fFn; n is an odd positive integerg is the
set of all simple nite dimensional osp(1; 2)-modules, dim Fn = n. It is a curious fact
that simple nite dimensional osp(1; 2)-modules exist only for odd dimensions (and
are unique).
Case 2: t such that (O(m) and O(n)) are distinct, i.e. n 6= −n(m) for any odd
positive integer n.
Lemma 4.4. Let t be as above. Then
A^(weight) = f[A=A(n; X )]; [A=A((n); Y )]; [A=A(m; X )]; [A=A((m); Y )];
[L( ) = A=Ap];   is a nondegenerate orbit; p 2  g:
5. The simple S-torsionfree A-modules
Let A =A(t), t 6= 0, be as in Section 2. In this section we classify the simple
S-torsionfree A-modules in Theorem 5.2 (up to irreducible elements of some Euclidean
ring). We shall see that there is a 1{1 correspondence between A^(S-torsionfree) and
A^1(D1-torsionfree).
Let M be an A-module, so that
M =M1 M2; Mi:=eiM; i = 1; 2;
is the direct sum of D-submodules. Moreover, each Mi is an Ai-module and
v1M1M2 and v1M2M1: (5.1)
Lemma 5.1. Let a be a regular element of D.
1. If M is a simple S-torsionfree A-module; then Ker XM =Ker YM =0; where XM :
M ! M; m! Xm.
2. A nonzero A-module M is simple S-torsionfree if and only if each Ai-module
Mi = eiM is nonzero simple and Di-torsionfree.
Remark. A D-module M is S-torsionfree if and only if each Mi is Di-torsionfree.
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Proof. 1. If Xm = 0 (resp. Ym = 0) for some m 2 M , then 0 = YXm = am (resp.
0 = XYm= ( a)m). As the element a is regular, we have m= 0 in both cases.
2. ()) It follows from statement 1 and (5.1) that each Mi is nonzero. If M1,
say, is not a simple A1-module, then choose a proper submodule, say N , of M1. The
A-submodule AN = N + XN + YN of M is a proper submodule, which contradicts
the simplicity of M .
(() It is enough to show that any nonzero element m of M generates the A-module
M . Given such m, then one of mi=eim, i=1; 2, is nonzero, say m1, then 0 6= Xm1 2 M2.
The Ai-modules Mi are simple, so M = A1m1 + A2Xm1 = AmM , i.e. Am=M .
Theorem 5.2. Suppose that the element a = a1 + a2 2 D = D1  D2 is regular. Then
the map
A^(S-torsionfree)! A^1(D1-torsionfree); [M ]! [M1:=e1M ]; (5.2)
is a 1{1 correspondence with the inverse map
[Mb:=A1=A1 \ B1b]! [Mb:=A=A \ (Bb+Be2)]; (5.3)
where b=Y 2m−m+Y 2(m−1)−m+1+  +0 2 A1 (all i 2 D1=K[H ]) is an irreducible
in B1 element of length 2m> 0 such that 0<−m; 0<−1( a1); 0<−1( a2). In
other words; a simple S-torsionfree A-module is isomorphic toMb for some b as
above and vice versa. Two such A-modules are isomorphic; Mb ’Mc; if and only if
the B1-modules B1=B1b and B1=B1c are isomorphic.
Remark. In the theorem above (H)<(H) if there are no roots  and  of the
polynomial (H) and (H) respectively such that  −  is nonnegative even integer.
Set h=H=2, so that 2(h) = h− 1. Then the GWA A1 =D1(2; (h)) is isomorphic to
a GWA D1(; (H=2)) and the relation < above coincides with the one introduced in
Section 3.
Proof. Let M be a nonzero simple S-torsionfree A-module. It follows from (2.6)
that M is isomorphic to Mb for some irreducible element b 2 B. By [2, Proposition
3:7], the element b may be chosen to satisfy the condition above, i.e. every simple
S-torsionfree A-module is of type Mb as the theorem claims. Conversely, let Mb be
as in the theorem. We aim to show that Mb is a simple module. Let us show that
(Mb)1 ’ M (1)b :=A1=A1 \ B1b and (Mb)2 ’ M (2)(b):=A2=A2 \ B2(b): (5.4)
It follows from A= A+ AX + AY that e1Ae1 = e1Ae1 = A1. Then
(Mb)1 = e1Mb = e1A=e1A \ (e1Be1b+ e1Be2)
= e1Ae1=e1Ae1 \ B1b e1Ae2=e1Ae2 \ e1Be2 ’ A1=A1 \ B1b=M (1)b
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is a simple A1-module by [2, Theorem 3:8]. Using analogous arguments we conclude
that e2Ae1 = A2X + A2Y and
(Mb)2 = e2Mb = e2A=e2A \ (e2Be1b+ e2Be2)
= e2Ae1=e2Ae1 \ B2Xb e2Ae2=e2Ae2 \ e2Be2
= (A2X + A2Y )=(A2X + A2Y ) \ B2(b)X
=(A2X + A2Y )=(A2X + A2Y ) \ B2−1(b)Y;
where the last equality holds since B2X = B2X−1 = B2(aX−1) = B2Y . By the choice
of b and [2, Theorem 3:8], both A2-modules M
(2)
(b) and M
(2)
−1(b) are (nonzero) simple
D2-torsionfree. Therefore the nonzero maps
f : M (2)(b) ! (Mb)2; u+ A2 \ B2(b)! uX + (A2X + A2Y ) \ B2(b)X;
g : M (2)−1(b) ! (Mb)2; u+ A2 \ B2−1(b)! uY + (A2X + A2Y ) \ B2−1(b)Y;
are monomorphisms with Imf + Im g= (Mb)2, a sum of two simple modules. There
are two possibilities: (Mb)2 = Imf = Im g or (Mb)2 = Imf  Im g. The second case
is impossible since the localization
S−12 (Mb)2 ’ B2X=B2X \ B2(b)X ’ B2=B2 \ (b)
is a simple B2-module and both A2-modules Imf and Im g are D2-torsionfree. This
proves (5.4). Therefore, by Lemma 5.1 the module Mb is simple. The above shows
the map (5.3) is epic and, by (5.4), it is monic too.
By (5.2), the A-modulesMb andMc are isomorphic, for elements b and c satisfying
the condition of the theorem, if and only if the A1-modules Mb and Mc are isomorphic.
By [2, Theorem 3:8], this is possible if and only if the B1-modules B1=B1b and B1=B1c
are isomorphic.
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